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Abstract
Recent progress in the theory of hadrons containing a single heavy quark is re-
viewed. Particular attention is paid to those aspects that bear on the determination
of the magnitudes of the Cabibbo–Kobayashi–Maskawa matrix elements Vcb and Vub.
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1. Introduction
Over the past year there have been several important developments in the the-
ory of hadrons containing a single heavy quark. At the same time there have been
significant improvements from experiment in our understanding of the properties of
hadrons containing a charm or bottom quark.
The minimal standard model has six quarks that couple to the charged W -bosons
through the term
Lint = g2
2
√
2
(u¯, c¯, t¯)γµ(1− γ5)V


d
s
b

W µ + h.c. (1)
in the Lagrange density. Here g2 is the weak SU(2) coupling, W
µ is the charged
W -boson field and V is the Cabibbo–Kobayashi–Maskawa matrix. V arises from the
diagonalization of the quark mass matrices. It can be written in terms of three Euler
like angles and a complex phase eiδ. In the minimal standard model it is this phase
that is responsible for the CP violation observed in kaon decay and CP violation in
B decay. Extensions of the standard model with extended Higgs sectors usually have
additional sources of CP violation. It is hoped to test the correctness of the minimal
standard model for CP violation in future B decay experiments and elsewhere.
In the minimal standard model the elements of the Cabibbo–Kobayashi–Maskawa
matrix are fundamental parameters that must be determined from experiment. In
this talk I will concentrate on those issues in heavy quark theory that are related
to a determination of |Vub| and |Vcb| from B decays. Other interesting areas where
progress has occurred will, for the most part, be omitted. Even within the area of
those elements of heavy quark physics related to determining the weak mixing angles
I will not be able to give a complete review. For example, I will not have time to
discuss the implications of sum rules in semileptonic decay and lattice QCD results.
In order to present the new developments in the theory of heavy quarks in their
proper context and to fully appreciate their significance I will briefly review some of
the key early work on heavy quark theory.
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2. Heavy Quark Effective Theory
The part of the QCD Lagrange density that contains a heavy quark Q is
L = Q¯(i/D −mQ)Q . (2)
For situations where the heavy quark Q is interacting with light degrees of freedom
(i.e., light quarks and gluons) carrying momentum much less than its mass, mQ, it is
appropriate to take the limit mQ → ∞ with the heavy quark four-velocity, vµ, held
fixed.1 In this limit the interactions of the heavy quark become independent of its
mass and spin resulting in the approximate heavy quark spin-flavor symmetries of
QCD.
To take this limit write
(x) = e−imQv·xh
(Q)
v (x) (3)
where
/vh
(Q)
v = h
(Q)
v (4)
Putting eq. (3) into (2) gives
L0 = h¯(Q)v (i/D +mQ(/v − 1))h(Q)v . (5)
Using the constraint (4) this can be simplified to2,3
L0 = h¯(Q)v iv ·Dh(Q)v . (6)
Note that the Lagrange density in eq. (6) is independent of the heavy quark’s
mass and it’s spin. Consequently the heavy quark effective theory has a spin fla-
vor symmetry.1 For charm and bottom quarks moving with the same velocity this is
an SU(4) symmetry. Much of the predictive power of the heavy quark effective theory
arises because of this symmetry.
2
The heavy quark field h
(Q)
v destroys a quark Q but it does not create the corre-
sponding antiquark. Pair creation does not occur in the heavy quark effective theory.
3. 1/mQ Corrections
The heavy quark effective theory in (6) represents the mQ →∞ limit of QCD. At
finite mQ there are corrections suppressed by powers of 1/mQ. These can be included
in a systematic fashion. In general
Q(x) = e−imQv·x[h
(Q)
v (x) + χ
(Q)
v (x)] (7)
where
/vh
(Q)
v = h
(Q)
v and /vχv = −χ(Q)v (8)
The equation of motion for the heavy quark field Q
(i/D −mQ)Q = 0 (9)
can be used to express χ
(Q)
v (x) in terms of h
(Q)
v (x) order by order in 1/mQ. Putting
(7) into (9) and using (8) gives
χ
(Q)
v =
1
2mQ
i/D[h
(Q)
v + χ
(Q)
v ] (10)
which implies that
χ
(Q)
v =
1
2mQ
i/Dh
(Q)
v +O(1/m2Q) . (11)
Using this in eq. (7) and then plugging (7) into the Lagrange density (2) gives the
heavy quark effective theory including 1/mQ corrections.
L = L0 + L1 (12)
with L0 given by eq. (6) and4,5
L1 = h¯(Q)v (iD)
2
2mQ
h
(Q)
v − a2(µ)h¯(Q)v g
Gαβσ
αβ
4mQ
h
(Q)
v (13)
with a2(µ) = 1. In eq. (13) g is the strong gauge coupling and Gαβ is the gluon
field strength tensor. The procedure we have outlined above amounts to match-
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ing tree graphs in QCD with those in the heavy quark effective theory. When
loops are included a2 develops subtraction point dependence because the operator
h¯
(Q)
v gGαβσ
αβh
(Q)
v requires renormalization. In the leading logarithmic approxima-
tion
a2(µ) = [αs(mQ)/αs(µ)]
9/(33−2nf ) (14)
where nf is the number of light quark flavors.
The first term in eq. (13) is the heavy quark kinetic energy. It breaks the heavy
quark flavor symmetry but not the spin symmetry. The second term in eq. (13) is
the energy from the interaction of the heavy quark’s color magnetic moment with the
chromomagnetic field. It breaks both the spin and flavor symmetries.
4. Spectroscopy of Heavy Hadrons
In the mQ → ∞ limit hadrons containing a single heavy quark Q are classified
not only by their total spin ~S but also by the spin of their light degrees of freedom6
~Sℓ = ~S − ~SQ . (15)
Since sQ = 1/2, in this limit hadrons containing a single heavy quark occur in degen-
erate doublets labelled by the spin of the light degrees of freedom sℓ and with total
spins
s = sℓ ± 1/2 (16)
An exception occurs for sℓ = 0 where there is only one state with s = 1/2. For
mesons with Qq¯ (q = u or d) flavor quantum numbers the ground state doublet has
negative parity and sℓ = 1/2 giving a doublet of spin-zero and spin-one mesons. For
Q = c they are the D and D∗ mesons and for Q = b they are the B and B∗ mesons.
In the Q = c case an excited doublet of positive parity mesons with sℓ = 3/2 has
been observed. The hadrons in this doublet are sometimes called D∗∗ mesons and
have total spins one and two.
4
Baryons with Qqq flavor quantum numbers have also been observed. The ground
state isospin zero baryons have positive parity and sℓ = 0 and are called ΛQ baryons.
The ground state I = 1 baryons have positive parity and sℓ = 1 and come in a doublet
with s = 1/2 and 3/2. They are called ΣQ and Σ
∗
Q baryons. For Q = c the Λc and
Σc baryons have been observed and for Q = b the Λb baryon has been observed. In
the charm case two excited baryons have also been observed. Their properties are
consistent with being a negative parity doublet of I = 0 baryons with sℓ = 1 giving
total spins 1/2 and 3/2.
The mass of a hadron HQ containing a single heavy quark Q can be expanded in
powers of 1/mQ. Up to order 1/mQ it has the form
mHQ = mQ + Λ¯− 〈HQ|h¯(Q)v
(iD)2
2mQ
h
(Q)
v |HQ〉/2mH
+ a2(µ)〈HQ|h¯(Q)σ
gGαβσ
αβ
4mQ
h
(Q)
v |HQ〉/2mH +O(1/m2Q) .
(17)
The first term on the rhs of equation (17), mQ, is the heavy quark pole mass. The
second Λ¯ is the mass of the light degrees of freedom in the hadron. It does not
depend on the heavy quark mass but does depend on the quantum numbers of the
light degrees of freedom. The third term is the heavy quark’s kinetic energy and the
final term is its chromomagnetic energy. Only the last term depends on the spin of
the heavy quark and it causes the splittings in the hadron doublets mentioned earlier.
For example
mB∗ −mB = −4
3
a2(µ)〈B|h¯(b)v
gGαβ
4mb
σαβh
(b)
v |B〉/2mB . (18)
The heavy quark pole mass mQ is not a physical quantity and its perturbative
expansion has an infrared renormalon ambiguity of order ΛQCD.
7,8 Nonetheless, it is
very convenient to introduce it. As long as final expressions that are compared with
experiment express physical quantities in terms of other physical quantities the fact
that the pole mass itself is not really well defined is of no consequence.9,10
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5. Exclusive B → D(∗)eν¯e Decay
The rates for B → Deν¯e and B → D∗eν¯e are determined by the value of |Vbc| and
the hadronic matrix element of the weak current c¯γµ(1 − γ5)b between B and D(∗)
states. The application of heavy quark effective theory involves a two step process.
First is matching the current c¯γµ(1−γ5)b onto operators in the heavy quark effective
theory. In the leading logarithmic approximation this matching takes the simple
form11
c¯γµ(1− γ5)b =
[
αs(mb)
αs(mc)
]−6/25 [
αs(mc)
αs(µ)
]aL
· h¯(c)v′ γµ(1− γ5)h(b)v (19)
where
aL =
8
27
[v · v′r(v · v′)− 1] (20)
and
r(v · v′) = 1√
(v · v′)2 − 1 ln(v · v
′ +
√
(v · v′)2 − 1). (21)
Note that for v · v′ 6= 1 the coefficient of the current in the effective theory h¯(c)v′ γµ(1−
γ5)h
(b)
v depends on the subtraction point µ. In the effective theory where the charm
and bottom quarks are both treated as heavy the operator h¯
(c)
v′ γµ(1−γ5)h(b)v requires
renormalization. It’s matrix elements have a µ dependence that cancels that of its
coefficient. However, at zero recoil v · v′ = 1 the coefficient is independent of µ.
At this kinematic point the operator is the conserved current associated with the
spin-flavor symmetries of the heavy quark effective theory and consequently it is not
renormalized.
Matrix elements of h¯
(c)
v′ Γh
(b)
v in the heavy quark effective theory between B and
D∗ states are related by heavy quark spin symmetry to a single universal function of
v · v′,1
〈D(v′)|h¯(c)v′ Γh(b)v |B(v)〉√
mBmD
= ξ(v · v′)Tr
{
(/v′ + 1)
2
Γ
(/v + 1)
2
}
(22)
6
〈D∗(v′, ε)|h¯(c)v′ Γh(b)v |B(v)〉√
mBmD∗
= ξ(v · v′)Tr
{
ε∗
(/v′ + 1)
2
Γ
(/v + 1)
2
γ5
}
. (23)
For v · v′ 6= 1 the Isgur–Wise function ξ(v · v′) depends on the subtraction point µ.
However, at zero recoil heavy quark flavor symmetry fixes the normalization1,12,13 of
ξ,
ξ(1) = 1. (24)
Equations (22) and (23) hold in the mc,b →∞ limit. In general there are ΛQCD/mc,b
corrections. However, at zero recoil it has been shown that corrections first arise at
order Λ2QCD/m
2
c,b.
13,14 This important result opens an avenue for the precise deter-
mination of |Vcb| from exclusive B → D∗eν¯e decay.
Neglecting nonperturbative corrections, suppressed by powers of (ΛQCD/mb,c),
the zero recoil, the matrix elements of the axial, and vector currents are
〈D(v)|c¯γµb|B(v)〉√
mBmD
= 2ηV vµ (25)
〈D∗(v, ε)|c¯γµb|B(v)〉√
mBmD∗
= 2ηAε
∗
µ, (26)
where ηV and ηA are QCD correction factors from matching currents in the full theory
onto those in the effective theory. In the leading logarithmic approximation where
ln(mb/mc) is treated as large and all terms of order [αs ln(mb/mc)]
n are summed15,16
ηV = ηA =
[
αs(mb)
αs(mc)
]−6/25
. (27)
However, since mb/mc is not that large a better approximation is to keep the full
dependence on mc/mb. The coefficients ηV and ηA have been calculated including
two loop terms that come from vacuum polarization insertions and are proportional
7
to
β(0) = 11− 2
3
nf . (28)
The result is13,17,18
ηV = 1 +
1
3
α¯s(mb)
π
φ(mc/mb) +
(
α¯s(mb)
π
)2 [
1
72
φ(mc/mb)β
(0) + ...
]
+ ... , (29)
and
ηA = 1 +
1
3
α¯s(mb)
π
[φ(mc/mb)− 2] +
(
α¯s(mb)
π
)2
·
[(
5
72
φ(mc/mb)− 14
72
)
β(0) + ...
]
+ ... , (30)
where
φ(z) = −3
(
1 + z
1− z
)
ln z − 6 , (31)
mc and mb are heavy quark pole masses and α¯s is the MS strong coupling. The
ellipses in the square brackets are terms independent of nf . There are reasons to be-
lieve that the order α¯2s(mb) piece proportional to β
(0) provides a good approximation
to the full order α¯2s(mb) term. That is true for R(e
+e− → hadrons), Γ(τ → ντ+
hadrons) and the relation between the heavy quark pole mass mQ and the running
heavy quark MS mass m¯Q(mQ):
R(e+e− → hadrons) = 3
(∑
i
Q2i
)[
1 +
α¯s(
√
s)
π
+(0.17β(0) + 0.08)
(
α¯s(
√
s)
π
)2
+ ...
]
(32)
Γ(τ → ντ + hadrons)
3Γ(τ → ντ ν¯ee) = 1 +
α¯s(mτ )
π
+ (0.57β(0) + 0.08)
(
α¯s(mτ )
π
)2
+ ... (33)
8
mQ/m¯Q(mQ) = 1 +
4
3
α¯s(mQ)
π
+ (1.56β(0) − 1.05)
(
α¯s(mQ)
π
)2
+ ... . (34)
Evaluating eqs. (29) and (30) with mc/mb = 0.30 and α¯s(mb) = 0.20 gives
ηV = 1 + 0.02 + 0.004
ηA = 1− 0.03− 0.005 ,
(35)
In eqs. (35) the second and third terms are the ones of order α¯s and α¯
2
sβ
(0) respec-
tively. Also we have taken nf = 2 which gives β
(0) = 9. Note that the two loop term
is much smaller than the one loop term indicating that the perturbation series is well
behaved.
Nonperturbative corrections to (25) and (26) are of order (ΛQCD/mc,b)
n+2, n =
0, 1, ... . For n = 0 these have been characterized in terms of matrix elements of various
operators in the heavy quark effective theory and estimated using phenomenological
models.19 In addition the corrections to eqs. (25) and (26) that are enhanced by lnmπ
or factors of 1/mπ have been computed using chiral perturbation theory. These have
an interesting form.20 The correction of order (ΛQCD/mc,b)
2 is enhanced by lnmπ but
corrections suppressed by higher powers (ΛQCD/mc,b)
n+2, n = 1, 2, ... are enhanced
by (ΛQCD/mπ)
n. Consequently, power suppressed terms are important for all n.
These corrections are calculable in terms of the D∗Dπ coupling. Unfortunately the
value of this coupling is not known. This gives one of the major uncertainties in the
size of the power correction to eqs. (25) a! nd (26).
6. Inclusive B → Xc,ueν¯e Decay
Over the past few years there has been great progress in our understanding of
inclusive semileptonic B meson decay.21,22,23,24 The strong interaction physics relevant
for this process is parametrized by the hadronic tensor
W µνc,u = (2π)
3
∑
X
δ4(pB − q − pX)〈B|Jµ†c,u|X〉〈X|Jνc,u|B〉 (36)
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and
Jµc = c¯γ
µ(1− γ5)b (37)
Jµu = u¯γ
µ(1− γ5)b (38)
W µν can be expanded in terms of scalar form factors Wn, n = 1, 2, ..., 5 that are
functions of q2 and v · q.
W µν = −gµνW1 + vµvνW2 − iεµναβvαqβW3
+qµqνW4 + (q
µvν + qνvµ)W5 . (39)
The form factors Wj are the imaginary parts of form factors that occur in the matrix
element of the time ordered product of weak currents.
T µνc,u = −i
∫
d4xe−iq·x〈B|T (Jµ†c,u(x)Jνc,u(0)|B〉 (40)
can be expanded in terms of scalar form factors
T µν = −gµνT1 + vµvνT2 − iεµναβvαqβT3
+qµqνT4 + (q
µvν + qνvµ)T5 (41)
and
ImTc,u = −πWc,u. (42)
Predictions for the form factors Tj can be made by performing an operator product
expansion and making a transition to the heavy quark effective theory. The leading
operator encountered is b¯γµb and its matrix element is known since it is the conserved
b-quark number current. Here there is no need to make the transition to the heavy
quark effective theory to understand the mb dependence. There are no dimension four
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operators and the dimension 5 operators that occur are the b-quark kinetic energy and
the chromomagnetic dipole term that occur in L1 of eq. (13). Consequently at leading
order in 1/mb the differential decay rate dΓ/dq
2dEe for inclusive semileptonic B-decay
is given by free b-quark decay. There are no nonperturbative corrections of order
(ΛQCD/mb). Nonperturbative corrections of order (ΛQCD/mb)
2 are characterized by
the two dimensionless parameters
Kb = −〈B|h¯(b)v (iD)
2
2m2b
h
(b)
v |B〉/2mB (43)
Gb = a(µ)〈B|h¯(b)v
gGµν
4m2b
σµνh
(b)
v |B〉/2mB . (44)
Including perturbative corrections and nonperturbative corrections suppressed by
(ΛQCD/mb)
2 the B → Xceν¯e semileptonic decay rate is
Γ(B → Xceν¯e) = Γ0[(1− 8ρ+ 8ρ3 − ρ4 − 12ρ2 ln ρ)ηincl
+Kb(−1 + 8ρ− 8ρ3 + ρ4 + 12ρ2 ln ρ) +Gb(3− 8ρ+ 24ρ2 − 24ρ3
+5ρ4 + 12ρ2 ln ρ)] (45)
where
ρ = m2c/m
2
b , (46)
and
Γ0 =
|Vcb|2G2Fm5b
192π3
. (47)
In Γ0 mb is the b-quark pole mass and ηincl gives the effects of perturbative QCD
corrections. Results for B → Xueν¯e are obtained by taking ρ = 0 and Vcb → Vub.
ηincl depends on mc/mb so the perturbative QCD corrections are different for B →
Xceν¯e and B → Xueν¯e decay. The nonperturbative corrections are quite small.
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Furthermore, Gb is known from the B
∗ −B mass splitting so the only uncertainty in
the nonperturbative corrections comes from the size of Kb. In eqs. (45)-(47) mc and
mb are the charm and bottom quark pole masses. If mc is eliminated by
mB −mD = mb −mc +mbKb −mcKc +mbGb −mcGc, (48)
then the decay rate is not too sensitive to the value of mb. For example, as mb varies
between 5GeV and 4.5GeV the rate Γ(B → Xceν¯e) changes by only 20%.
Neglecting the nonperturbative corrections the B decay rate equals the b-quark
decay rate. The perturbative QCD corrections of order α¯s(mb) have been computed
and those of order α¯s(mb)
2 proportional to β(0) are also known. We write
ηincl = 1−
(
α¯s(mb)
π
)
2
3
(
π2 − 25
4
+ δ1(mc/mb)
)
−
(
α¯s(mb)
π
)2
(β(0)χβ(mc/mb) + ...) + ... .
(49)
The function δ1(x) is known analytically.
25 It takes into account the effect of the
charm quark mass on the order α¯s QCD corrections; δ1(0) = 0. Numerically δ1(0.3) =
−1.11. The function χβ(x) has been determined numerically yielding χβ(0) = 3.2 and
χβ(0.3) = 1.7. Using α¯s(mb) = 0.20 and mc/mb = 0.30 gives
26
ηincl = 1− 0.11− 0.06 + ... (50)
for B → Xceν¯e decay and (using mc/mb = 0)
ηincl = 1− 0.15− 0.11 + ... , (51)
for B → Xueν¯e decay. The second and third terms in eqs. (50) and (51) are the
pieces of order α¯s(mb) and α¯s(mb)
2β(0) respectively. In the “two loop” term we
have taken nf = 2 which gives β
(0) = 9. For B → Xueν¯e the perturbative series
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is not well behaved and the situation for B → Xceν¯e is somewhat marginal. For
inclusive semileptonic D → Xse¯νe decay similar formulas hold. The perturbative
QCD corrections can be deduced from eq. (49) with α¯s(mb)→ α¯s(mc) and mc/mb →
ms/mc ≃ 0. Here the QCD corrections are also not under control.
The methods outlined above for inclusive semileptonic B decay can also be applied
to nonleptonic B-decay. Here one runs into a potential conflict between the measured
semileptonic branching ratio and the measured charm multiplicity.27,28 For the decays
that come from b→ cc¯s the charm quark masses take up most of the available energy.
Therefore, it is not clear that local duality can be used to relate the quark level decay
to the hadron decay. Furthermore, the perturbative QCD corrections in the quark
level decay may not be under control. To accommodate the measured semileptonic
branching ratio29 BSL = (10.4 ± 0.4)% requires about 40% of the nonleptonic B
decays to come from the b → cc¯s mechanism. This implies a charm multiplicity
〈nc〉 ≃ 1.3. However, the measured charm multiplicity30 is only 〈nc〉exp = 1.04±0.07.
It will take more data to resolve this issue.
7. The End Point Region of the Electron Spectrum
The maximum electron energy in the exclusive decay B → Xeν¯e is
Emaxe =
m2B −m2X
2mB
. (52)
Therefore, semileptonic B decays with electron energies greater than (m2B−m2D)/2mB
must have come from a b→ u transition. This endpoint region of the electron energy
spectrum is very important. Understanding it in a model independent way may lead
to a precise determination of Vub.
For inclusive B → Xueν¯e decay the electron energy spectrum, including nonper-
turbative effects of order (ΛQCD/mb)
2, has been found using the operator product
expansion methods outlined in the previous section. Neglecting perturbative QCD
13
corrections22,23
1
Γ0
dΓ
dy
=
[
2(3− 2y)y2 − 20
3
y3Kb −
(
8 +
20
3
y
)
y2Gb
]
θ(1− y)
+
2
3
[Kb + 11Gb]δ(1− y) + 2
3
Kbδ
′(1− y) ,
(53)
where
y = (2Ee/mb) , (54)
and Kb and Gb are given in eqs. (43) and (44). These matrix elements are of order
ε2 where,
ε = ΛQCD/mb . (55)
The maximum electron energy for b-quark decay is y = 1 (i.e., Ee = mb/2). However,
nonperturbative effects (e.g., motion of the b-quark in the B-meson) extend the max-
imum electron energy for B-meson decay beyond this point. Since we are treating
such effects as a power series in ε they are represented by singular terms at y = 1.
To all orders in ε the decay spectrum obtained from the operator product expansion
has the structure31 (at zero’th order in αs(mb))
1
Γ0
dΓ
dy
= θ(1− y)(ε0 + 0ε+ ε2 + ...)
+δ(1− y)(0ε+ ε2 + ...) + δ(1)(1− y)(ε2 + ε3 + ...) + ...
+δ(n)(1− y)(εn+1 + εn+2 + ...) + ... , (56)
where εn denotes a term of that order, which may include a smooth function of y.
In eq. (56) δ(n)(1− y) denotes the n’th derivative of δ(1− y) with respect to y. The
contribution to the total decay rate of a term in dΓ/dy of order εnδ(n)(1 − y) is of
order εn.
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The semileptonic decay width for b → u is difficult to measure because of back-
ground contamination from the dominant b→ c semileptonic decays. It is therefore,
important to be able to compute the rate in the endpoint region near y = 1. One
way to calculate the endpoint spectrum is to weight the differential decay distribution
dΓ/dy in eq. (56) by a normalized function of width σ around y = 1. We refer to this
process as smearing. Most of the details of the smearing procedure are unimportant;
the only quantity of relevance is the width σ of the smearing region.
The singular distribution εmδ(n)(1 − y) (where m > n) smeared over a region
of width σ gives a contribution of order εn/σn+1 to dΓ/dy. If the width σ of the
smearing region is of order εp the generic term εmδ(n)(1− y) yields a contribution of
order εm−(n+1)p. Since m > n this shows that the 1/mb expansion for the spectrum
breaks down unless p ≤ 1, i.e., the smearing region cannot be narrower than ε.
The divergence for p > 1 is not associated with the failure of the operator product
expansion due to resonances with masses of order the QCD scale. The region of
the electron energy spectrum for which such resonances dominate the final hadronic
states is of width ε2, while the expansion breaks down upon smearing over any region
of size ε1+δ, where δ > 0.
If the smearing region is chosen of order ε the form of the expansion in eq. (56)
shows that the leading terms of the form θ(1− y) and εn+1δ(n)(1− y) all contribute
at order unity to the smeared spectrum. Thus one can obtain the decay spectrum
smeared over a width ε if the leading singularities can be summed. The sum of the
leading singularities produces a distribution dΓ/dy of width ε and height of order
unity (i.e., of the same order as the free quark distribution). Neubert and Bigi, et al.,
have shown how to sum the leading singularities.32,33 They are characterized by the
matrix elements
1
2mB
〈B|h¯(b)v iDµ1 ... iDµnh(b)v |B〉 = Anvµ1 ...vµn + ... . (57)
The ellipsis on the right side of eq. (57) denote other Lorentz structures. For example,
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with n = 2 the matrix element is,
1
2mB
〈B|h¯(b)v iDµ1iDµ2h(b)v |B〉 = A2(vµ1vµ2 − gµ1µ2) , (58)
since v ·Dh(b)v = 0. Contracting on µ1 and µ2 gives
A2 =
2
3
mbKb . (59)
Heavy quark symmetry implies that A0 = 1 and the equation of motion v ·Dh(b)v = 0
implies that A1 = 0. The quantities An have dimensions of mass to the power n.
In terms of them the sum of the leading singularities in the electron spectrum is
characterized by a shape function S(y)
1
Γ0
dΓ
dy
= 2y2(3− 2y)S(y) (60)
S(y) =
∞∑
n=0
(−1)n
n!
(
An
mnb
)
dn
dyn
θ(1− y) . (61)
Perturbative QCD corrections are also singular in the endpoint region. Summing the
leading perturbative QCD singularities (i.e., the Sudakov double logarithms) changes
the shape function to31
S(y) =
∞∑
n=0
(−1)n
n!
(
An
mnb
)
dn
dyn
R(y) (62)
where
R(y) = exp
[
− 2
3π
αs ln
2(1− y)
]
. (63)
Recently Korchemsky and Sterman have shown how to sum all the singular pertur-
bative QCD corrections.34
16
Unfortunately the quantities An are not known. However, the same quantities
characterize the endpoint photon spectrum in B → Xsγ. So there is hope that a
detailed study of the photon spectrum in B → Xsγ will determine the endpoint
region of the electron spectrum in B decays.33,34,35
The methods outlined in this section for describing the endpoint region of the
electron spectrum apply when this region is dominated by many states with masses of
order
√
mbΛQCD. In the ISGW
36 model the endpoint region where b→ c transitions
are forbidden is dominated by the single decay mode B → ρeν¯e. If ρ dominance is
found to hold experimentally then the sum of the leading singularities is not a valid
description of a region of electron energy which is as small as the difference between
the B → Xueν¯e and B → Xceν¯e end points.
If the endpoint region is dominated by the rho meson there are other avenues
available to determine Vub. For example, exclusive B and D decays can be used. For
D → ρe¯νe the weak mixing angles are known and the form factors for this decay
mode to determine them for B → ρeν¯e. Using heavy quark symmetry and isospin
symmetry37
〈ρ(k)|u¯γµ(1− γ5)b|B〉/
√
2mB =
(
αs(mb)
αs(mc)
)−6/25
〈ρ(k)|d¯γµ(1− γ5)c|D〉/
√
2mD .
(64)
In the above perturbative QCD effects have been included in the leading logarithmic
approximation. If light quark SU(3) symmetry is applied instead of isospin symmetry
then the decay D → K∗e¯νe can be used (instead of the Cabibbo suppressed decay
D → ρe¯νe). The form factors for this decay have already been measured. Some
problems with this approach are the presence of 1/mc,b corrections and possibly large
higher order perturbative QCD corrections.38
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